There has been extensive research on large scale multi-user multiple-input multiple-output (MU-MIMO) systems recently. However, there are many obstacles to achieve full potential of using large number of receive antennas. One of the main issues, which will be investigated thoroughly in this paper, is timing asynchrony among signals of different users. Most of the works in the literature, assume that received signals are perfectly aligned which is not practical. We develop a mathematical model that explicitly accounts for the timing mismatch among the received signals and shows the detrimental impact of asynchrony on the MRC receiver.
I. INTRODUCTION
MIMO communications was studied extensively during the past two decades [1] - [3] . Using multiple antennas at the transmitter and the receiver provides the opportunity to increase the capacity and improve the performance significantly [4] , [5] . One of the applications of MIMO systems is in multiuser scenarios where users communicate with a common multiple antenna receiver. Because of the distributed nature of the multiuser-MIMO (MU-MIMO) systems, new challenges arise. One of these challenges is the timing mismatch between the received signals from different users [6] . When the number of users and the number of receive antennas are moderate, this issue is often handled by synchronization methods [7] , [8] . Recently, it has been shown that the timing mismatch can even improve the performance when the timing mismatch values are known by the receiver and proper sampling and detection methods are used [9] - [12] . However, increasing the number of receive antennas and users, especially in the context of massive MIMO systems, makes the time delay estimation or synchronization challenging. [13] .
The benefits of the massive MIMO systems including, near optimal performance using simple processing like maximum ratio combining (MRC), increased spectral efficiency and energy efficiency, have been studied in the literature [14] . However, there are many challenges which need to be addressed before the gains can be realized in practice [15] , [16] . For hundreds of receive antennas, one major challenge is the fact that it is impossible to receive perfectly aligned signals at all the receive antennas. Therefore, it is of great importance to investigate timing mismatch in large scale MU-MIMO systems. M. Ganji To the best of our knowledge, there is no work in the literature to consider the timing mismatch in single-carrier massive MIMO scenarios. In [17] , it is shown that using single carrier transmission can achieve a near optimal sum rate. The authors have proposed a simple precoding which mitigates the inter-symbol interference (ISI) caused by the channel multipath. However, they assume perfect symbol-level alignment enabling perfect sampling at the peak point of the transmitted pulse shape. Providing such a perfect alignment might be challenging in a large scale MU-MIMO system. Inevitable timing mismatch between received signals, results in imperfect sampling, and hence creates another source of ISI as illustrated in Fig. 1 . If the timing mismatch values are known at the receiver, ISI-free samples can be obtained for each user by oversampling as many times as the number of users, as explained in [12] . However, considering the practical challenges of the delay acquisition in a large scale MU-MIMO system, we assume that the timing mismatch values are unknown and the receiver only knows their distribution.
It is shown in the literature that in large scale MU-MIMO systems, a low complexity MRC receiver can approach near optimal performance and even outperforms its complex counterparts, i.e., ZF and MMSE receivers, at low SNR [14] . The MRC receiver also follows the power scaling law which roughly indicates that to maintain the same quality-ofservice as with a single-antenna BS, the transmit power of a 100-antenna BS would be only almost 1% of the power of the single-antenna system [18] . As we shall see, ignoring the asynchrony can significantly degrade the performance of the MRC receiver. We quantify the uplink achievable rates obtained by MRC receiver with perfect channel state information (CSI) and imperfect CSI while the system is impaired by unknown time delays among received signals. 
II. SYSTEM MODEL

A. Received Signal Model
We consider a system with K single antenna users, transmitting data to a common receiver with receive antennas simultaneously, where can correspond to a massive deployment scenario. The signal transmitted from User k is described by:
where , and (.) represent the symbol period, the transmit power, and the pulse-shaping filter with unit-energy and non-zero duration of , respectively. For the rectangular pulse shape, = , and for Nyquist pulse shapes truncated with significant adjacent side lobes, = 2( + 1) . Also, is the frame length and ( ) is the transmitted symbol by User k in the th time slot. The transmitted signals are received with a relative delay of
is the path-loss that depends on the distance between the corresponding user and the base station and ℎ represents the fading coefficients. Then, the continuous received signal at the th receive antenna can be represented by:
where is the number of users and ( ) is the white Gaussian noise with zero mean and variance one. In this work, we assume that the values of frame asynchrony, i.e., is known at the receiver [8] . Therefore, without loss of generality, we assume = 0 in Eq. (2). However, the symbol-level asynchrony, i.e., is unknown residual error and is treated as a random variable between [0, ].
In general, we only need to know the joint distribution of time delays to calculate the achievable rates. Although the time delays can follow any joint distribution, for notational simplicity, we consider the i.i.d case with the following distribution:
Eq. (3) reflects the fact that our desired user is received with probability of 1 as the first user and with probability of −1 with a time delay, uniformly distributed on [0, ], with respect to the first received user.
B. Matched Filter's Output Signal Model
In this section, we explain the receiver design that includes the transformation of the continuous signal in Eq. (2) into discrete samples and the combination of the obtained samples at different receive antennas by the MRC method. To obtain the discrete samples of the received signal, first, the continuous received signal should be passed through a matched filter and its output can be written as follows:
where ( ) = ( ) * ( ) andˆ( ) = ( ) * ( ). The convolution ( ), called the convolved pulse shape, is zero outside the interval of [0, 2 ]. Then, the output of the matched filter is sampled at the instants of , which are equal to + + ( − 1) , = 1, ⋅ ⋅ ⋅ , . The quantity of ∈ [0, 1] is a design parameter that affects the performance, significantly. If all the received signals were synchronized, then = 0 would be the optimum value, which is the assumption in most of the work in the literature. However, due to having unknown delays among received signals, the optimum value of is not zero anymore and will be found based on the system model characteristics. The obtained samples at the sampler of the th receive antenna, denoted by ( ) =ˆ( )| , can be put together to form the system model equation as follows:
is the transmitted frame by the th user and
is an × matrix defined as:
can be written in the following short form:
The noise vector has zero mean and its covariance matrix is the identity matrix because the pulse shapes are normalized and satisfy the Nyquist ISI-free condition. After obtaining the samples, they are combined using the well-known MRC method. Denoting˜as the estimate of the channel coefficient between the th user and the th receive antenna, the MRC output for detection of the th user's symbols, i.e.,
, can be expressed as:
where the effective channel matrices and the resulting noise vector are denoted by and , respectively. In the next section, we analyze the performance of the MRC detection with perfect CSI and estimated CSI at the receiver.
III. THE ACHIEVABLE RATE OF MRC RECEIVER
A. Perfect CSI
To investigate the effects of unknown time delays, we assume that the channel coefficients are estimated separately for each user. By assuming˜= , the effective channel
matrix, i.e., , and the effective noise vector, i.e., , can be represented, respectively, as follows:
The achievable rate for the corresponding system model is denoted in the next theorem. Theorem 1: The achievable rate of the MRC receiver for User , when there is unknown time delays between the received signals, can be approximated as Eq. (7) at the top of the page. The values of [ ] are defined as:
[ ] = 1− [ ] and is the number of significant adjacent side lobes of the pulse shape.
Proof: Due to the lack of space, the proof is omitted. The interested reader can find the proof in [19] .
The first term in the denominator of Eq. (7) is the inter-user interference (IUI) caused by other users. The second term is the inter-symbol interference (ISI), which is caused by the adjacent symbols of the desired user.
Example 1: In this example, we find the values of [ ] in Eq. (9) for the rectangular pulse shape and the time delay distribution presented in Eq. (3):
Note that for the rectangular pulse shape, [ ] and [ 2 ] are nonzero only when = −1, 0, 1. After calculating these values, they can be inserted into Eq. (7) to find the corresponding achievable rates.
In the ideal synchronized case, [14] defines the power scaling law of massive MIMO systems. It states that the transmit power can be scaled by 1 with no degradation in the achievable rate of each user. In other words, defining = as → ∞, the achievable rate for each user will be similar to that of the single user system, i.e., − , → log 2 (1 + ). However, by ignoring the inevitable timing mismatch, the promised benefit of power scaling in a massive MIMO setting vanishes. In more details, if we put = in Eq. (7) and let go to infinity, then we will have:
The achievable rate in Eq. (11) is limited by ISI, and by increasing the transmit power it will be saturated to a constant value, i.e.:
,
Therefore, at high SNR regime, no matter how much transmit power is used, the achievable rate converges to a fixed value independent of the transmit power. This fixed value depends on the delay distribution, the pulse shape and . Using this criterion, the value of can be optimized for any given pulse shape and time delay distribution. For example, the optimum value of for the rectangular pulse shape and the delay distribution presented in Eq. (3) can be found by optimizing the following expression:
which is obtained by inserting the values of [ ], found in Example 1, into Eq. (12) . The optimal values of for a few examples of are presented in Table I . By increasing the number of users, the optimal value of approaches half. The simulation results for the root raised cosine pulse shape are presented in Section IV.
B. Imperfect CSI
In this section, we assume the channel coefficients are estimated by sending known sequences of symbols, called pilot sequences. Each user assigns its first symbols of its frame for the pilot sequence. We denote the assigned pilot sequence to the th user as = [ (1), ⋅ ⋅ ⋅ , ( )]. It is common in the literature that the assigned pilot sequences for different users are mutually orthogonal, i.e., ⟨ . ⟩ = [ − ], where ⟨ . ⟩ shows the inner product. In addition, should be equal to or greater than the number of users and its optimal value is shown to be = [20] . The mutual orthogonality enables all the users to send the pilot symbols simultaneously without interfering with each other. The × matrix that contains all the pilot sequences is represented by:
Due to the orthogonality between rows, the pilot matrix is unitary, i.e., ΦΦ = .
In the ideal case of perfect synchronization, the received signal can be written as:
where and are × matrices of the received samples and the noise samples, respectively, and is equal to
where is the × matrix of fading coefficients between the K users and the BS, i.e., ( , ) = ℎ , and is a × diagonal matrix containing the path-loss coefficients, i.e., ( , ) = . Also, is the power assigned to the transmission of pilot sequences and is equal to = . The least square estimate of the channel matrix can be calculated as:
Then,˜is utilized to perform MRC. However, due to the existence of unknown time delays, the estimation process is degraded and as a result, the channel estimations are contaminated by unwanted channel coefficients. In what follows, we provide a similar analysis for the channel estimation when misalignment exists between the received signals. Time delays modify Eq. (15) to:
where × and Φ × are defined as follows:
where˜= + . The process of de-spreading, which is multiplying the received pilot signal by 1 √ Φ , yields the following channel matrix estimator: (20) where˜is the estimation noise. We denote Φ Φ by Υ which is equal to for = 0, and for positive values of can be calculated as:
where ( : ) represents the vector [ ( ), ( + 1), ⋅ ⋅ ⋅ , ( )].
For negative values of , it can be shown that (Υ <0 ) = (Υ >0 ) . After some calculations, the channel estimation can be represented as:˜=
where is the leakage from User to the estimation of the User 's channel coefficient to receive antenna and is equal to:
This phenomenon is similar to the "pilot contamination" effect, i.e., the channel estimation of each user to the th receive antenna is contaminated by channel coefficients of other users. The "pilot contamination" effect is caused by reusing the same pilot sequences in different cells; however, here, the time asynchrony destroys the orthogonality between pilot sequences. Therefore, the de-spreading matrix is not able to eliminate the effect of interfering users. In general, considering the channel estimation in Eq. (21), the corresponding achievable rate by the MRC receiver is presented in the next theorem. Theorem 2: The achievable rate by the MRC receiver using orthogonal channel estimation, when there is unknown time delays between received signals can be approximated as follows:
where = − accounts for the spectral efficiency loss due to channel estimation, and desired signal, ISI, IUI and noise components are defined at the top of the next page. Values of ′ ( ), ′ ( ) and ′′ are defined as follows, respectively.
Assuming the same distribution for all time delays, the receive antenna index is discarded after taking expectations. Proof: Due to the lack of space, the proof is omitted. The interested reader can find the proof in [19] . These results are general for any pilot matrices and delay distributions. Values of ′ ( ), ′′ ( ), ′′ and
depend on the pulse shape, pilot sequences and the delay distribution which can be calculated analytically or numerically. The ideal synchronized case admits a power-scaling in the order of 1 √ with no degradation in the achievable rate of each user, i,e., − , [14] . However, due to the existence of timing mismatch, the promised power scaling law is lost. If we reduce the transmit power by an order of 1 √ and let go to infinity, then the achievable rate for each user is:
By increasing the transmit power, the achievable rate saturates at the following fixed value:
The above analysis shows that, the promised single user bound is degraded by two factors: ISI (due to adjacent symbols of the desired user) and IUI (due to contamination in the estimation process). For any given pulse shape and pilot sequence, the performance in Eq. (27) can be optimized by changing the value of . For example, the optimum value of for the rectangular pulse shape and the delay distribution described in Eq. (3), is presented in Table II . Again, as increases, the optimal value of approaches half. Simulation results are presented next.
IV. SIMULATION RESULTS
In this section, we provide simulation results in which the time delays follow the distribution in Eq. (3) and the noise samples and fading coefficients are distributed as (0, 1). The large-scale channel fading is modelled as = /( / ℎ ) , where is a log-normal random variable with standard deviation of , is the path-loss exponent, and is the distance between the th user and the BS which varies in the interval of [ ℎ , ]. We have assumed that = 1.8, = 8, ℎ = 100 and = 1000. In Fig. 2 , the performance of the MRC receiver with perfect CSI is presented by theoretical approximation in Theorem 1 and via simulation. The sum rate for 5 users are plotted with respect to the number of receive antennas. The results include rectangular (Rect.) pulse shape and raised cosine (R.C.) pulse shape with roll-off factor of = 0.5. Different sampling origins (e) are used to show the effect of in the performance. Our theoretical approximation and simulation results match. It shows that, unknown time delays limit the performance, and by increasing , the sum rate is saturated. Fig. 3 , the sum rate for the MRC receiver with imperfect CSI is presented. It shows that the sum rate of the asynchronous scenario is limited due to ISI and IUI and increasing does not change the sum rate much, however, optimizing the value of can increase the saturation level. In Fig. 4 , the asymptotic performance of the MRC receivers are presented while = and is very large. By increasing , the sum rate achieved by the MRC receiver is saturated when there is timing mismatch between received signals. However, in the perfectly synchronized case, the achievable sum rate increases unboundedly. Note that changing the value of can change the saturation value in the asynchronous scenario. In Fig. 5 , the asymptotic performance of the MRC receivers are presented for imperfect CSI with a power scale of 1 √ . Again, it verifies our claim that the MRC receiver is unable to hold the power scaling law when there is time delay between the received signals.
V. CONCLUSION
In this work, we obtained the general formula for the achievable uplink rate by the MRC receiver when unknown timing mismatch exists. Our analysis is general and works for any known density function, including Delta Dirac distribution, i.e, the perfect synchronized scenario. Our proposed framework can be used to design pulse shapes and pilot matrices which are less susceptible to timing mismatch. We investigated the power scaling law in the presence of unknown timing mismatch and showed that the achievable rate by each user is limited by ISI and IUI even when the number of receive antennas goes to infinity. These results show the great importance of designing new receiver architectures to alleviate the harmful effects of the unknown timing mismatch which is the topic of our future work.
